Lecture 20 - First-Order Theories

Vaishnavi Sundararajan

COL703 - Logic for Computer Science

Vaishnavi COL703 - Lecture 20



Recap: Natural deduction and intuitionistic logic

* Natural deduction proof system for propositional fragment

* More closely mirrors human reasoning, better for automation

* Negation creates complications!

* Easier if we move to a constructive logic: intuitionistic logic

* No law of excluded middle, actually makes proof search easeir!

* Can “normalize” proofs; every proof has a normal equivalent

* Normal proofs of I' - ¢ only mention subformulas of I' and ¢

* Yields an algorithm for proof search

* Full FO proof search undecidable; set of subformulas is itself infinite!

* Theorem provers use heuristics to get around this as much as possible
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Formalizations in FOL

* How much of the world can we talk about using FOL?

* Today we will look at some familiar objects described using FOL

* Recall that we could axiomatize groups using FOL

The following sentences characterize groups.

vx. [Vy. [Vz. [f(f(x,¥),2) = f(x, f(y,2)]]]

vx. [f(x,€) = x]
vx. [3y. [f(x,y) = €]

® Yerps = G1 A G2 A G3 axiomatizes all groups.

* Any structure ./( = (M, ) which is a model for (G1)-(G3) defines a

group over M with group operation f and identity ¢
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Groups

* In any group, the cancellation law holds.

* Consider a group G with operation o. The cancellation law states that
foranyx,y,z € G,if x o z = y o z, then x = y. Can we state this in FO?

Vaishnavi COL703 - Lecture 20



Groups

In any group, the cancellation law holds.

Consider a group G with operation o. The cancellation law states that
foranyx,y,z € G,if x o z = y o z, then x = y. Can we state this in FO?

9c = Vx. [vy. [Vz. [f(2) = f(,2) 2 x = )]]]

Exercise: Show that G1, G2, G3 ¢ ¢,
g € Gsuchthatg # Oandgogo ..o g = 0issaid to be of order n

n times
We will write an interpreted structure as the domain along with the

interpreted symbols (here > = ({e}, {f}, ®) and 1(¢) = O and ((f) = o)
Is there a y such that, if (G, ¢, 0) F yg,s and (G, ¢, 0) F v, then (G, °,0)
is a group with no elements of order 2?
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Groups

* In any group, the cancellation law holds.

* Consider a group G with operation o. The cancellation law states that
foranyx,y,z € G,if x o z = y o z, then x = y. Can we state this in FO?

9c = Vx. [vy. [Vz. [f(2) = f(,2) 2 x = )]]]

* Exercise: Show that G1, G2, G3 ¢ ¢,
®* ge Gsuchthatg # Oandgeogeo ..og = Oissaid to be of order n

n times
* We will write an interpreted structure as the domain along with the

interpreted symbols (here > = ({e}, {f}, ®) and 1(¢) = O and ((f) = o)
* Isthere ay such that, if (G, ¢, 0) F ygs and (G, ¢, 0) F y, then (G, ¢, 0)
is a group with no elements of order 2?
V= —3x [(x = e) Af(x,x) = ¢]
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Equivalence relations

* An equivalence relation is reflexive, symmetric, and transitive.
* Suppose we have a binary relation symbol R € &

* Can force R to be interpreted as an equivalence relation by ensuring
that any structure satisfies the following sentences
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Equivalence relations

* An equivalence relation is reflexive, symmetric, and transitive.
* Suppose we have a binary relation symbol R € &

* Can force R to be interpreted as an equivalence relation by ensuring
that any structure satisfies the following sentences

vx. [R(x,x)] (Equ)
vx. [Vy. [R(x,y) 2 R(y,0)]] (Eq2)
vx. [Vy. [Vz. [R(x,y) AR(y,2) D R(x,2)]]] (Eq3)

® Yeqrel = EqL A Eq2 A Eq3 characterizes all equivalence relations R.

* Exercise: What if we wanted R to be interpreted as a congruence?
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Equivalence relations (contd.)

* LetX = @, 0,{R/2}

* Ris an equivalence relation with at least two equivalence classes
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Equivalence relations (contd.)

* LetX = 0,0, {R/2}
* Ris an equivalence relation with at least two equivalence classes

Yegrel A 3%. [3y. [AR(x,y)]]

* Ris an equivalence relation with an equivalence class containing more
than one element
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Equivalence relations (contd.)

* LetX = 0,0, {R/2}
* Ris an equivalence relation with at least two equivalence classes

Yegrel A 3%. [3y. [AR(x,y)]]

* Ris an equivalence relation with an equivalence class containing more
than one element

Yeqrel A 3x. [Ely [_'(X = y) N R(X,y)]]
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Orders

* Atotal order over a set is a binary relation < (written in infix) which

* isirreflexive and transitive, and
° any two distinct elements in the set are related by <

* Can we axiomatize total orders in FOL?
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Orders

* Atotal order over a set is a binary relation < (written in infix) which

¢ jsirreflexive and transitive, and
° any two distinct elements in the set are related by <

* Can we axiomatize total orders in FOL?

Vx. [=(x < x)] (TOy)
vx. [Vy. [Vz. [x <yAy <z>Dx<z]]] (TO2)
vx. [Vy. [x<yvx=yVvy<x]] (TO3)

® Vi = TO1 A TO2 A TO3 characterizes all total orders.

* Exercise: Axiomatize a partial order < (Partial orders are reflexive,
antisymmetric, and transitive)
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Fields

 Afield is a structure (F, o, *,0,1) where 1 # 0 and
* (F,0,0) is a group where o is commutative
° xis an associative commutative operation over F with identity 1
* every element other than O has a right-inverse wrt *
* =« distributes over o
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Fields

 Afield is a structure (F, o, *,0,1) where 1 # 0 and
* (F,0,0) is a group where o is commutative
° xis an associative commutative operation over F with identity 1
* every element other than O has a right-inverse wrt *

* « distributes over o
* Afield is axiomatized by yg4s = Ygrps A
—(e. =¢&,) AVx. [Vy. [xoy=yox]] A Vx. [Vy. [x*xy=yx*x]]
vx. [xxe. = x] A Vx [Wy. [Vz. [xx (v #2) = (x*y) #2]]]
AV [(x=e)Vay. [x*xy =¢,]]
A VX [Vy. [Vz. [x* (yoz) = (x*Y)o (x*2)]]]
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Characterizing sizes of structures

* Recall Ixp. [Fxy. [ 3x,. [VY. [y =ExVYy=xV..VYy=x,]]..]]
* Which structures satisfy this sentence (call it ¢,)?

* What about 3x. [Iy. [—(x = y)]]?
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Characterizing sizes of structures

* Recall Ixp. [Fxy. [ 3x,. [VY. [y =ExVYy=xV..VYy=x,]]..]]
* Which structures satisfy this sentence (call it ¢,)?

* What about 3x. [Iy. [—(x = y)]]?

* All structures with at least two distinct elements. Call this ¢,.

* Can we writea ¢-,,?
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Characterizing sizes of structures

* Recall Ixp. [Fxy. [ 3x,. [VY. [y =ExVYy=xV..VYy=x,]]..]]
* Which structures satisfy this sentence (call it ¢,)?

* What about 3x. [3y. [=(x = y)]]?

* All structures with at least two distinct elements. Call this ¢,.

* Can we writea ¢-,,?

Ax;. [Elxz. [ Ax,,. [/\1<i<)<n —(x; = xj)] ”

* What about vy, = ¢, A ¢=,?

* Exercise: Can one specify an infinite structure?
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Reals

* Consider the structure (R, +, X, 0), where + and X are interpreted to
be addition and multiplication as usual.

* Can we define the relation < in this structure?

¢ Is there a formula ¢(x,y) such that foralla,b € R,
(R, +,%,0),[x = ay+~Db]) Ee(xy)iffa <b?
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Reals

* Consider the structure (R, +, X, 0), where + and X are interpreted to

be addition and multiplication as usual.
* Can we define the relation < in this structure?

¢ Is there a formula ¢(x,y) such that foralla,b € R,
(R, +,%,0),[x = a,y~b]) Eoe(xy)iffa < b?

* o(xy)=3z. [(z=0)AFw. z=wXW|Ax+z=Y]
* We say that < is elementary definable in this structure

* An n-ary relation R is said to be elementary definable in a structure ./
if there is a formula ¢ with n parameters such that

M, [x > my, X, o my] Ee(xg, ., xyg) iff (Mg, ., my) €R
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Reals (contd.)

* Consider (R, +,0). Is < elementary definable here?
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Reals (contd.)

* Consider (R, +,0). Is < elementary definable here? No.

* Suppose there exists some ¢(x, y) such that
((R,+,0),[x = a,y = b]) E ¢(x,y) iff a < b. Want a contradiction.

* Theorem: If /( and /" are isomorphic >-structures, then for all
expressions ¢, /L E @ iff /" E ¢.

* Aside: Why the same ¢? // and /(" both >-structures, and ¢ € FOy!

* Suppose there is an isomorphism n from ./l = (A, 1) to L' = (B, ).
Then,n : A — Band ™! : B — Aare both structure-preserving,
TlEflA(al’ ey On)) = fB(ﬂ(a1)_.1---rﬂ(an))_1 FeFalf) = ful'() = fy
N (Fa(by, o b)) = fa (7' (B, o 07 (b))

* Similar statements hold for the relation symbols in & also.

* One can also show that forevery o : 7" — A, oo : 7 — B, and for
everyo' : U - B,ntod : U - A
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Reals (contd.)

* Suppose there exists some ¢(x,y) such that
((R,+,0),[x = a,y = b]) F ¢(x,y) iff a < b. Want a contradiction.

* If we can demonstrate a structure /.’ isomorphic to (R, +, 0) (obtained
via some isomorphism 1) and contradict the iff using /', we are done.

* Letn(r) = —r. Isn a structure-preserving isomorphism?
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Reals (contd.)

* Suppose there exists some ¢(x,y) such that
((R,+,0),[x = a,y = b]) F ¢(x,y) iff a < b. Want a contradiction.

* If we can demonstrate a structure /.’ isomorphic to (R, +, 0) (obtained
via some isomorphism 1) and contradict the iff using /', we are done.
* Letn(r) = —r. Isn a structure-preserving isomorphism? Yes!
* n(0) =0andn(a+b) = —(a+b) = (-a) + (=b) = n(a) + n(b)
* Sorn isanisomorphism from (R, +, 0) to itself.
* So(R,+,0),0 k 9(a,b) iff (R, +,0),0 F ¢(—a,—b)
* (R,+,0),0 E ¢(a,b)iffa < b,and (R, +,0),0 k ¢(—a,—b) iff —a < —b.

* Contradiction! So < cannot be elementary defined in the theory of
reals using + and 0.
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