
COL352 Problem Sheet 7

Topics: Undecidability and Reductions

Problem 1. (Easy) Show that the collection of decidable languages is closed under the operation
of

1. union

2. complementation

3. concatenation

4. intersection

5. star

Problem 2. (Easy) Show that the collection of Turing-recognizable languages is closed under the
operation of

1. union

2. concatenation

3. intersection

4. star

Problem 3. (Medium) Let the language MEMϵ =
{
⟨G⟩| G is a CFG that generates ϵ

}
, where

ϵ is the empty string. Show that MEMϵ is decidable.

Problem 4. (Easy) Show that C is a Turing recognizable language ⇐⇒ there exists a decidable
language D such that C =

{
x | ∃y ⟨x, y⟩ ∈ D

}
.

Problem 5. (Medium) Show that the following language is undecidable:

L =
{
⟨M⟩#w

}
such that M is a single tape TM with singly infinite tape (i.e., tape has a left cell) and the run of
M on input w tries to move left on the leftmost cell at some point during the run.

Show that the language L is undecidable.

Problem 6. (Hard) Show that the following language is decidable:

L =
{
⟨M⟩#w

}
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such that M is a TM whose tape head never moves left during the run on input w.

Hint:Ifheadisonlymovingright,thencanyouanalyzehowlongittakestoreadfullinput?

Problem 7. (Hard) The Busy Beaver 1 function BB(n) is defined for an n-state Turing machine
(TM) with a two-symbol alphabet {0, 1} and a single infinite tape. A TM is an n-state Busy Beaver
candidate if it halts when started on a blank tape (all 0s). BB(n) is the maximum number of state
transitions by any such halting TM. For n = 1, a 1-state TM (states {q1, h}) can, at best, undergo
one transition and halt, e.g., via δ(q1, 0) = (h, 1, R), producing BB(1) = 1, as other configurations
either loop or write on the tape without any state transition.

Show that no Turing Machine can compute the value of BB(n) for all n ≥ 1.

Problem 8. (Very Hard) Post correspondence problem is defined as below: Given two lists of
strings over an alphabet Σ (not unary):

A = w1, w2, . . . , wk and B = x1, x2, . . . , xk

Does there exist a sequence of indices i1, i2, . . . , in (where 1 ≤ ij ≤ k) such that:

wi1wi2 . . . win = xi1xi2 . . . xin

, show that PCP is undecidable by reduction from the halting problem.

Hint:RepresentrunoftheTMusingwiandxi,relyingonthefactthatTMcomputationislocal

1You can find out more about Busy Beavers here and here.
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https://www.youtube.com/watch?v=pQWFSj1CXeg&t=4s
https://www.youtube.com/watch?v=CE8UhcyJS0I

