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Topics: Context-Free Grammars and Pushdown Automata

Problem 1. (Easy)

Let
L = {w#x | wR is a contiguous substring of x, w, x ∈ {0, 1}∗}.

Construct a CFG for L.

Problem 2. (Easy)

Let
L = {x1#x2# · · ·#xk | k ≥ 1, xi ∈ {a, b}∗, and for some i, j, xi = xRj }.

Construct a CFG for L.

Problem 3. (Medium)

Let
L = {aibj | i ̸= j, i ̸= 2j}.

Construct a CFG for L.

Hint:Breakthelanguageintoseparatecasesdependingontherelationshipbetweeniandj.

Problem 4. (Medium)

For a string w, define

SCRAMBLE(w) = {t | t is a permutation of w}.

For a language L, define

SCRAMBLE(L) = {t | ∃w ∈ L such that t ∈ SCRAMBLE(w)}.

Let L be a regular language over {0, 1}. Show that SCRAMBLE(L) is context-free.

Hint:Thinkintermsofcountingthenumberof0sand1susingthepumpingpropertyofregularlanguages.

Problem 5. (Easy)

Given the grammar
S → SS | T, T → aTb | ab,

show that it is ambiguous. Construct an equivalent unambiguous grammar.
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Problem 6. (Easy)

Let
B = {uv | u ∈ Σ∗, v ∈ Σ∗1Σ∗, |u| ≥ |v|}.

Construct both a PDA and a CFG that recognize B.

Problem 7. (Medium)

Let
L = {xyz | x, z ∈ Σ∗, y ∈ Σ∗1Σ∗, |x| = |z| ≥ |y|}.

Show that L is context-free.

Hint:Usethestacktomatchxandzwhileensuringycontainsatleastone1.

Problem 8. (Medium)

For a language A, define the rotational closure

RC(A) = {yx | xy ∈ A}.

Show that the class of context-free languages is closed under rotational closure.

Hint:Useclosureundersubstitutionandhomomorphism,orsimulatesplittingusingnondeterminism.

Problem 9. (Medium)

Let G = (V,Σ, R, S) be a grammar. Prove that for every x ∈ L(G), there exists a parse tree with
root S, yield x, and height at most

|V |(|x|+ 1).

Hint:Usethepigeonholeprincipleonrepeatedvariablesalongroot-to-leafpaths.

Problem 10. (Medium)

An NPDA is called a binary-stack NPDA if its stack alphabet has size 2. Show that binary-stack
NPDAs and general NPDAs recognise the same set of languages.

Hint:Encodeeachstacksymbolasafixed-lengthbinarystring.
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