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Problem 1. (Easy) Construct a DFA over the alphabet {0, 1} that accepts the set of all binary
representations of natural numbers n such that n mod 6 ∈ {2, 5}.

Problem 2. (Medium) Construct a DFA over the alphabet {0, 1} that accepts all strings in
which the number of occurrences of the substring 01 is equal to the number of occurrences of the
substring 10.

Hint:Thekeyinsightisthatthesecountsdifferbyatmost1inanystring.

Problem 3. (Medium) Let

Cn = {x | x is the binary representation of a number divisible by n}.

Prove that Cn is regular for all n ≥ 1 and give a general DFA construction for Cn.

Hint:DFAapproach:onlynpossibleremainders

Problem 4. (Medium-Hard) Given DFAs D1 and D2 recognizing languages L1 and L2 respec-
tively, determine whether the class of regular languages is closed under the following operations.
Justify your answer by proof or counterexample.

1. Symmetric Difference: L1 \ L2

Hint:Similartounionofregularlanguages

2. Perfect Shuffle: A1 = {x1y1 . . . xnyn|x1 . . . xn ∈ L1, y1 . . . yn ∈ L2, xi, yi ∈ Σ}

Hint:DFAthatalternatesbetweenD1andD2

3. k Perfect Shuffle: Ak = {x1x2...xky1xk+1xk+2 . . . x2k . . . xnkyn|x1 . . . xnk ∈ L1, y1 . . . yn ∈
L2, xi, yi ∈ Σ} i.e. k characters of a string in L1 followed by one in L2.

Hint:UseDFAwithcountermodulok

4. Shuffle: A = {x1y1 . . . xnyn|x1 . . . xn ∈ L1, y1 . . . yn ∈ L2, xi, yi ∈ Σ∗}
(Note difference from subproblem 3: here, xi ∈ Σ∗ not Σ)

Hint:Usenon-determinismtoswitchbetweenD1andD2.

Problem 5. (Medium) Design an algorithm that takes as input a DFA D and decides whether
the language L(D) is:

1. Empty

2. Σ∗
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3. Finite

4. {0a+bn : n ≥ 0, a, b ∈ N}, given |Σ| = {0}.

Hint:ThinkofitasaGraphReachabilityproblem

Problem 6. (Medium) Let L1 be a regular language and L2 be any language over the same
alphabet. Prove that

L1/L2 = {x | ∃y ∈ L2 such that xy ∈ L1}

is regular by explicitly constructing a DFA for L.

Hint:ModifyacceptingstatesofM1.

Problem 7. (Hard) Let L be a regular language. Let xR be the reverse of string x. Prove that
the following languages are regular:

1. {x | x · xR ∈ L}

2. {x | x · xR · x ∈ L}

3. {x | x3 ∈ L}

Hint:2pointerapproach,usenondeterminismtoguessstateofMLafterreadingxbeforereadingxR.

Problem 8. (Easy) A function h : Σ∗ → Γ∗ is called a homomorphism if h(xy) = h(x)h(y) for
all x, y ∈ Σ∗. Prove that if L is a regular language, then h(L) is also regular.

Problem 9. (Easy) Let

L1 = (0|1)∗0(0|1)∗1(0|1)∗, L2 = (0|1)∗01(0|1)∗.

Show that L1 = L2.

Problem 10. (Medium) Give a regular expression over {0, 1} that describes the language con-
structed in Problem 1.

Hint:StartfromtheDFAinProblem1andconverttoregex

Problem 11. (Medium) Given two DFAs D1 and D2, design an efficient algorithm to determine
whether

L(D1) ⊆ L(D2).

Problem 12. (Medium) Prove that the class of regular languages is closed under inverse homo-
morphisms.

Problem 13. (Easy) Let L be a regular language. Define

Pre(L) = {x | ∃y such that xy ∈ L}.
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Prove that Pre(L) is regular by constructing an automaton.

Problem 14. (Easy-Medium) Let L be a regular language. Define

Suf(L) = {x | ∃y such that yx ∈ L}.

Prove that Suf(L) is regular by constructing an automaton.

Problem 15. (Medium) Let A be a language. Define

INSERT(A) = {xay | xy ∈ A, a ∈ Σ}.

Show that the class of regular languages is closed under the INSERT operation.

Hint:Non-DeterminismtoRescue.

Problem 16. (Medium) Let A be a language. Define

DROPOUT(A) = {xz | xyz ∈ A, y ∈ Σ}.

Show that the class of regular languages is closed under the DROPOUT operation.

Hint:Non-DeterminismtoRescue.

Problem 17. (Hard) Let A be a language. Define

A1/2 = {x | ∃y xy ∈ A, |x| = |y|, y ∈ Σ∗}.

Show that the class of regular languages is closed under the 1/2 operation. Similarly define the
operation Am/n. Comment on them too.

Hint:Usenondeterminismtoguessy

Problem 18. (Medium) Let A,B ⊆ Σ∗ be languages. Define the avoids operation as

A avoids B = {w | w ∈ A and w does not contain any string in B as a substring }.

Prove that the class of regular languages is closed under the avoids operation.

Hint:ProductconstructionwithNonDeterminism

Problem 19. (Medium) Let A = (q,Σ, δ,Q, F ) be an NFA. Let the universal recognized language
U(A) of A be defined as follows.

U(A) = {w ∈ Σ∗ | δ̂(Q,w) ⊆ F}

1. Prove/Disprove U(A) ⊆ L(A).

2. Prove/Disprove that universal recognized languages are regular.

Hint:Usesubsetconstruction.
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