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Recall: We showed that {a/are2} is regular if α is regular

But w e claimed that {an/red} i s not regular e v e n if α i s .

Today: How to formally
prove that a

languag

e
is not regular.

We said that DFA cannot kee
p
track of unboundedly long input

with n o finite repeating pattern

Just like i t w a s hard to create a DFA for {r.se/xeL, 2 regular}.

i t is hard to "match" two unboundedly long halves of a string.

The canonical example for illustratin
g

non-regularity is

α = {a"b"/no} ≤ {a,b}*.



Recall the Myhill-Nerode theorem.

We defined ~ , ≤ { * ✗
{ *

a s
follows.

✗ ~ , y iff for every ze s t ,
a z e k
iff yzed.

The theorem said the following:

✗ is regular iff ≈ induces finitely
many

equivalence classes.

α = {a"b"/no}. Consider ai.at c - { *for i≠j. Isaiya'?
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One
c a n
also prese

nt
a m o r e

"machine-centric" v i ew of non-regularity.

Suppos

e
there w a s a DFA M : (Q.Σ,8,go,f) which could recognize L .

I t has to have a finite numberof states. Suppose/Q/= 1 0 .

Consider
a
string

w = a" b ". W e α , obviously.

So there must be a n acceptin
g

r u n of Monw, i . e . 8(go.co
)

e- f

We only have 10 states. and 1 5 'a's to read.

By the pigeonhol
e

principle, a t least o n e statemust berepeate
d

while reading this sequence of 'a's.

Suppos

e
this state i s

ge Q.



Suppos

e q
i s reached after w e have read 4 a's, and

again after w e have read 13 ' a ' s .

We c a n split
up

o u r string a s
follows:

aaaaaaaaaaaaaaabbbbbbbbbbbbbbb.it
↑:..↑ . . . . . ↑ . . . . . . . . . . I

go q q fef.
8(go, a 4) = q 8(q,a"):

q
8(q, a 'b'5)= fe f

What does this tell u s about the behaviour of M o n

abb"?

a " b"?



We could have repeated this argument for/Q/= k forany k ,
and for any a "

b " where n a k .

This tells u s that DFAs cannot count arbitrarily many
characters.

We want to say that for a language α , if
∀ n o matter what DFA o n e present

s
(with k states).

∃ one c a n
produc

e
a string with a "middle"of length ≥ k , sit.

∀
n o matter how o n e

chooses to break this "middle" into threeparts.

∃
o n e c a n either r e m o v e , o r add extra copies of the second part

to obtain a string NOT i n α ,

then α i s not regular.



Formally,
w e state the Pumpin

g

Lemma
a s
follows.

Consider a language α ≤ Ʃ * . I f
∀
for any k≥0 ,

∃ there is a n xyz
∈ L with ly/≥ k , and

∀ for
any u , v , w e { * s-t. uvw=y

and /v/> 0 ,

∃ there is s o m e i s 0 sit. xuviwz ∉L , then

α i s not regular.



The n i c e quantifier alternation allows u s to set this up a s agame
between the ∀ player and the ∃player.

The ∀ player i s the adversary, who believes α i s regular.

The ∃ player i s the prover, who
believes α is not regular.

The languag
e

under consideration i s not regular if the

∃ player always has a winning strategy.

,
n o matter what the adversary does.

the prover c a n produce
witnesses for the ∃ andwin!

Strategies wil l depend o n the choice of L .



α = {a"b"/n≥0}

∀ : chooses
s o m e k > 0

∃ : needs to choose s o m e xyzedst.ly/≥ K
X = E , Y

= a " , 2 - = b "

xyz
∈ α , ly/= 2 k > k .

∀ : needs to choose u , v , w e {a,b}
*

sit.
uvw=y

and v≠E.
Suppos

e
u=aP, v : a t , w e ar, s .t .ptq t r

= 2k , and q> 0 .

∃ : needs to choose i ≥ 0 si t . xuviwz ∉L .

1 = 0 at'a'a" b "
=

ap+rb²k



α = {a"b"/n≥0}

∀ : chooses
s o m e k > 0

∃ : needs to choose s o m e xyzedst.ly/≥ K

x : al,
y

= a", z =
an-"b" where

n > K t l .

∀ : needs to choose u , v , w e {a,b}
*

sit.
uvw=y

and v≠E.
Suppos

e
u=aP, v : a t , w e ar, s-t. p+q+r=k, and q >

0 .

∃ : needs to choose i ≥ 0 si t . xuviwz ∉α .


