
UNDECIDABILITY



Recall: We s a w how TMs c a n simulate other machines,

including other TMs (via a
universal Turing Machine)

Today: The Halting Problem i s undecidable

him = {(M)#w/M is a TM and M accept

s
w}

✓
( M ) i s the string descriptionof a TM M .

So
a
machine which takes

a
string

a s
input could, i n theory,

be made to r u n o n its o w n description!

[ M Y # C M S - E g : Bootstrapping

compiler

s

We will u s e this idea for diagonalization o v e r
the setof TMs

that take a string a s input



Claim: Ltm is undecidable

Proof: We prove this by contradiction.
Assume him i s

decidable.

Then, there is a
machine It which decides him.

H(M)#w) = {
"

. F M accepts
w

N , i f M rejects
o r
loop

s
o n w

We will construct a machine which u s e s It a s a subroutine.

Wha t happens if o n e r u n s M o n input c m > ?
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We wil l construct the followin
g

TM D .

D takes a s input the string descriptionof a 7M M ,

and does the opposite of whatever I t would do.

D (MS): {9. F
M does not accept c m ,

N , if M
accepts ( M )

D accept

s
( M ) exactly when M doesnot accep

t
( M ) .

D wil l operate o n the string description of any T M .

What about o n its o w n string description?
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D (D) = {9. FD
does not accept s p

N , if D
accepts ( D )

This i s a n obvious contradiction.

so o u r assumption that It decides him must be fake!

So,

Ltm = {M#w/ M i s a T M and M accept

s
w}

is undecidable.
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e

i n this set a t all?



Ltm i s not decidable, but

Lem i s Turing-recognizable.

Claim: Tim i s not Turing-recognizable

Proof: By contradiction.


