
MORE ABOUT

-

COMPUTABILITI



Recall:We defined computable to m e a n "there is a URM program"

Wanted to execute two URM programs o n e after the other.

Cannot
join "as is"

because of jump addresses.

We
n o w a s s um e that al l programs a r e i n standard form:

A program P = I , I . . . . I , is said to be i n standard form if,
for every instruction of the

form J(m,
n , p) i n P. pelt1 .

Exercise: Prove that every program c a n be cast i n standard form.

I n order to join e v e n standard programs, w e have to

modify the addresses i n the jump instructions i n the

second
program .



A concatenation executes P followed by Q.

How does o n e e n s u r e that the final configuration of P is

a n
acceptable initial configuration for Q?

Pis finite, s o there is a smallestns.t .P does not touchRo for any v 7 u .

( ca l l this f(P).
Make s u r e that Q only u s e s

register

s
Rv. where v 7 u .

Clear that these two cases c a n be handled i n general:

⑦ If
a program

needs input to begiven i n
registers R1..... Rn

but input i s provide
d

i n Re...... Ren.

⑫ If output needs to bewritten o n Re instead of R1.



#
afterappropriate u s e

of T 1 and T 2 .

Concatenation: Let P and Q be programs of length l and K . Then,

the concatenation of Pa nd Q (written PQ), is the program

1112... I e Fe t t . . - I e t k , where

P= I , I . . . . I e , and I e t , . . . Ietr i s the program obtainedby

ensuring that Q only modifies registers Ro where v75(P), and

modifying every
instructionof the form J (m,n , p) inQ to T (m,n , ltp)

What about composing computable functions?

If f andg a r e
computabl

e,
i s fog computable?



Easy if f is unary lessentially.concatff.NL IN

Consider
a
k-any
f
and n-any g . , . . . . g r ,

a l l computable. Then,

h is computable

,

where
- g i : IN" → IN

h(a...., an) = f (gaGa...,n) , . . . . , gre(a..... rn))

Comp

ute g . (a,.... an),....gr(a..... n) ,
then

r u n
the

program for f o n
these values.

* Do not overwrite ½ . . . . . a n during the computatio
n

of the
gis.

and do no t overwrite any gi
during the computatio

n
of
g;
for
j ,
i .



* Use Rma...., Rmtnto store x ̅ ,
Rminti to storegift),m"

large".

Finally comput
e f o n rmen t s . . . . . rm+n+k, and

store i n R1.

Composition: Let F, G...... Gr be programs
computin

g
f.gs.....gr resp.

Let m e s u m (n, k , f(f),f (Ga).... i f(Gr)).
Store

1 1 , . . . , U n i n Rmtt . . . . , Rmtn.

RunGi o n a . . . . . a n , and
store the result i n Rm+n+i.

Then r u n f o n Rments..... Rm+n+k a s input.

This program comput
es

h .



Similarly, the following operations preserve computability.

Rearrangement

:

Suppos

e f is a k-any computabl
e

function, and

R i , . . . . . , Min is
s ome sequence

formed
using variables from R 1 , . . . , R n .

Then,
ifg i s the functiongiven by

g
(R1,..-,Rn) = f (rig.....Min),

g
is computable. Projection

+

Compositio

n

Similarly for other definitions ofg
a s
follows:

Identification:
g (x)

= fee...... a)

Adding unused variables:
g (x1,..., x n , K+,)

= flea....,m).



* I s
f
computable, where

f (a, a , B) =
21+2+23?

f (a, 22,3) = h thGa,n),3) ,

where

hay) = a t

y
-computable, by Compositio

n

-
Computable,

shown earlier

* I s f
computable

,

where
f (n)-s. for s o m e s e-IN?



* I s
f
computable, where

f (a, a , B) =
21+2+23?

f (a, 22,3) = h thGa,n),B) ,

where

he ,y) = aty
-computable, by Compositio

n
,

Computable,

shown earlier

* I s fscomputable
,

where
f (x)-s. for s o m e s e-IN?

*
Suppos

e f (_,_) is
computable, and s e IN . Is

g
computable.

where
g (a)

= f (x,s)?



What about the following function?

f-(o) = 0

f(n+1) = f (n)+ 1 .

I f
computable?



Recursion: Let a = Gee,..., an), and let f andg
be

n-ary
and (n+2)-any computable functions. Then,

there is a unique②+ 1)-any function h a s
follows

h(a. . . . , Un , 0) = [Get,....Un)

h (X1,..., R n , Y+ 1)
=

g (e..... U n . g,
h (x1,....U n , Y))

and h is computable

.

Example: f () = 1 , and g (y,z) =
2-(1+1)

What doesh compute?

4 ) = f ( ) = 1

hly+ 1) = g (y,
h (y)) = h (y). (y+ 1 )


