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Recall: Given
a PDA, construct a CFG generatin

g
the language of the PDA.

Modifythe PDA s o
each transition either pushe

s
o r pops a

symbol, and

m o v e s into a
special accept state when i t accept

s
with empty stack.

M . (Q.Σ , P, Δ , go. {f})
ApgeNT: Generate

s
all strings which take M from

p
with empty stack to

Inductive definition q
with empty stack

① I f stack i s n e v e r emptyexcept a t p
and
q: stag

e m ySymbol pushe

d
o n a t

p
i s poppe

d
off only just before

q
• . .

→

÷ . . . . ③→
→ . . . Apq→

aArsbᵗ#😐 %

② I f stack is empty midway: . . .

→
→ . . . → ①→ . . . .

→
→ . . .

Apq-Apr-Arg

f t p .



Construction: Given a PDA M-(Q.E.TO, go.{f}),
w e construct G. (NT,T.RS) a s

follows:

NT:{Apq/ p.qeQ} F - Ʃ S=Aqf

R : {App-E/peQ} u{Apq-AprArqlp.q.reQ3u-

p.q.r.seQ.a.be
Eu{e}, ter

.}

{Apq→aAr

sb/((p.ae),
(it))eΔ ,

((s,b. t) , (g.E))EΔ



We n o w have to show o u r initial claim, that, for any nest.

Apq generates a iff x takes M from p
with empty stack

to
q
with empty stack.We prove each direction separately

.

Claim: If Apq
generates

x , then, a c a n take M from

p
with empty stack to

q
with empty stack.

Proof: By induction o n n , the number of applications of rules

from R i n the derivation of a from Apg.

n - - 1 : A derivation with only o n e rule applied whichyields a

string i n Ʃ
*

has only o n e candidate i n R , Ap
p

→ E .

E takes M from
p
top without disturbing the stack.



N : M t 1 : Suppo

se
Apqgenerat

es
a v i a m +1 application

s
of rules i n R .

What is the first rule that c a n be applied?

Obviously not Ap
p

→ E . Either Apq-Apr Arg o r Apq-aArsb.

(a)
Suppos

e
the rule applied i s of the form Apq→ AprArg.

Ap

r

generate

s
s o m e

ye
{ * , and Arq generate

s
s ome zs.t.se--yz.

By I H , y
takes M from

p
to v and maintains empty stack a t r

z
takes M from r to

q
and maintains empty stackatg.

Supp

ose
M is in state

p,
and t he stack i s empty.

p a r a q ⇒ p # q
\ / / \ /

empty empty

s ta ck stack



b) Suppo
se

the rule appliedisoftheformApq-aArsb.Ars-

generatessomeys.t.se-ayb.
By IH.ytakesmfromrtoswithemptystackatbot.hrands.

SinceApq-aArsbeR.weknowthatthereissometers.t-

k/p.a.E).(r.tl). ((s.b.tl/q,E))}≤Δ.

Suppo

seMisinstatep.

pe......s→q
⇒ p↔ q

/ F i ) \ )
empty

stack stack
empty empty

stack with wi t h stack stack

t e r t e r
☐

on i t on i t



Claim: I f x
takes M from

p
with empty stack to q

with empty stack,

then Apq generates a by applications of rules i n R .

Proof: There i s s o m e n ≥ 0 s-t. (p,a , ⟂)→ (q,E , 1) .

Proof by induction o n n .

n - 0 : (p, n , t) → (p, a , ⟂) = (q,E , 1)

So
p-q,

and a = E . App-E, s o done.

N = M + 1 : Two c a s e s a r i s e

i n The stack is not empty anytime except a t p
and
q :

The s a m e symbol must bepushed and poppe
d

a t the "ends"

Suppo

se
w e
push

a t e r to start with, and pop i t off a t theend.



pisr.tt?s-qr--ayb.whereArs-

ybyIH
1 1 ) 1

empty stack stack
empty

so Apq→aArsb.

stack t t stack

iisthestackisemptyatsomemidwaypo.int:

x=yz,
where

peter😐🙃 9 Apr-y- L
empty

Arg,}byI"
stack

So Apq-AprA.iq


