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Recall:Given
a Cfg G

where
every

production rule i s / I .

of theform A→ a B,... B r ,
# { E }

w e
construct

a
PDA M which accepts α(g) by empty stack.

M= (Q.Ʃ , P, Δ , go,4) , where )
Q = {q,q,}, Ʃ--T, P : NTU{⟂} and (q,0 , 1) * (g.

e , t )

for s o m e qeQ.
Δ = {((q,E , E), (q,S)),

{((q.
a . A). (g.Be...Br))/A →

a Be... B re R}

The: I f a terminal string x is obtained by applyin
g

rules i n R to the

leftmost nonterminal symbol, then M accept

s
a .



The: For any x , y
e - Ʃ *, Je NT, and CENT,

o n e c a n generate x8 by n application
s

of rules i n R to C iff
/

(q.my,
C 1 ) # (q,y,

81). i n leftmost-first order

Proof: By induction
o n n .

n - 0 : C - 1 8 i n 0 application

s
of
any
rule i n R

iff C : • 8 iff x = E and 8- C

iff (q.ay.CL) = (q,Ey,81) = (q,y, 81)#
(q..
y,
81).

n=m+1 : Suppos

e
C → 28 i n m+ I application

s
of rulesfrom R .

Consider the m+1ᵗʰ rule applied. I t must be of the form -

D → cβ,
where ceTu{E}, DENT, and BeNT*.



Then, there i s s ome ZET,* and LENTA si t . C → Z D L .

Then, Z D L → zcβα
= 28 . So, a = z c , and 8--βα .

By I H , (91.zcy.CI) → (q,
cy,
1021) - ( a )

We
map

each rule i n R to a
transition i n Δ , s o

((ga,c ,D), (91,β)) c- Δ , s ince the m+1ᵗʰrule w a s D - cp
.

So, (q, cy.DK) → (q.y, β21) - ( b )
↳

Combining
(a) and (b),

(q,zy, c) ÷ (q,
g,
81)



Now, suppose (q,ay, C) ⅔ (q,y, a) .

Let ((q,c ,D),(q.β)) ∈ Δ be thefinal transition taken.

Then, a - 2 C for s om e z e s t , 8 : βα for s o m e α er,*and

(q.zcy.CH#(q.cy.D21)# (q.y.BA.

By IH , o n e c a ngenerate uDα by m application
s

of rules to C .

By the definition of Δ , D → cβ E R .

So, C → U D L →
ucβα = 28 .

So n8 c a n begenerated from C by m +1 application
s

of rules.



The α (M) =
α (g).

Proof: r e d (G)

iff S → a v i a
s o m e sequence of "leftmost

"

application

s
of rules i n R

iff
(go.se,⟂ ) # (q,E , 1)

for s o m e qeQ

iff (q,n , t) #
(ga, n , St) # (q,E , 1) for s o m e qeQ

iff r e α (m). -

above

We n o w look at the other direction.

②Given a PDA recognizing α , construct a CFG whichgenerates α .



Suppo

se
w e a r e given M : (Q,Ʃ , M,Δ , go.∅ )

which recognizes α by empt
y

stack.

Recall that each transition i n Δ i s of theform ((q.
a .
8). (q:8))

We modify transitions s o that each transition eitheronly

pushe

s
a
symbol onto the stack, o r pops o n e off the stack.

④
• Push

+

pop:
split into multiple transitions

• Neither pushn o r pop:
push arbitrary symbol, popitoff.fi

We also add a transition which takes M to statef if the input
word is read and the stack i s empty. M : (Q. Ʃ , M,Δ : q . {f})
We n o w employ a

strategy similar to how w e
constructed

a n
equivalent regularexpressiongiven a DFA.



For each pairof states p.ge Q,
defineAp,E N T .

Apq shouldgenerate all strings which take M

from state
p
with empty stack to state

q
with empty stack.

If
M goes

from
p
with empty stack to

q
with empt

y

stack

o n s o m e string i e , what i s the first m o v e of M ?

Has to be a push
,

s ince w e cannot pop
from

a n
empty stack!

Similarly, what is the last move? A pop.

We will define the production rules for Apq inductively.

Suppo

se
a = awb for s o m e w . Two possibilitie

s
a r i s e



( a )
The symbol that i s initially pushe

d

onto the stack, say 8 ,

i s only poppe

d
off the stack a t the end ofw . Then, the

operation of M looks a s follows:

. . . . 😐 . . . . . .

→ £ . . . . .pushs pops

The#vupty
What does the stack contain when the machine enters r ? 8

What does the stack contain when the machine enters r ? 8

Whatever else w a s pushe

d

onto the stack between r a n d s

i s poppe

d
off by the end of tha t sectionof the run!

So, Apq c a n be replaced by aArsb.ie. Apq→aArsb.



✓

(b) The symbolthat is initially pushed onto the stack i s
poppe

d
off the stack midway. The operation ofM looks a s follows

• . .
_ . ① →

. . . . ① . . . . → ① . . . . .

-
-

stack is empty here!

x-yzs.to y
takes M from (p,empty stack) to (r, empty stack),

and 2 - takes M from (r, empty stack) to (g.empty stack)

Apg-Apiary


