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Recall: We formally defined pushdow
n

automata
a s 6-tuple

s

M:(Q. IT, Δ , g . f)
\ - a c cep t states≤ Q .Setofstates

- 1 ) / initial
input alphabe

t stack transition state EQ

alphabet r e l a t i o n -⇐ (0×443)×(0%3))×(Q×r*)
(contains 1) (nondeterministic

!)

A-
PDA which accept

s
α:{aⁿbⁿ/n≥0} by empty stack w a s

M=({q.iq,}. {a.b}. {1. c}, Δ , g .∅),
where

Δ--{(q.a.ES/q..c)),((q..b.c).(qa.E)).

((q,b, C). (9. E))}



A configuration i s a n operational snapshot of the PDA, capturin
g

its current state, remaining input string, and

the current contentsof the stack (read top to bottom).

Today: How do
w e
show that α (m): L = {a"b"/no}?

①
For
every wed, there is a sequence of m o v e s which takes M from M

the initial configuration to a final configuration, and

②
for
every w e {a, b}

*

1 L . n o sequence of m o v e s c a n take M from

the initial configuration to a final configuration.

If w e
show this, w e a r e done!



Δ--{(q,
a . E), (q,c)), ((go.b.cl. (on.E)).

((q,b, C). (q,E))}
Recall: Suppo

se
((q,a , A), (q',s)) c- Δ . Then,

(q, aw, AS) → (q.co,ss). for any w e { * , S e r ?

What configuration change
s

a r e
possibl

e
i n one m o r e ofM?

(go. a w , 5) ÷ (go.co, CS)
(90,ab,1) → (go.b.CL)

↓

(91,6,⟂)
(go, bw,CS) # (91, W , S)

(q,aabb,1) → (go.abb.CI)
↓

(q, bw, CS) → (q, w , 8) (q ,b, c ) ← (q,bb,Cct)

( a ,
¥,
1 )



What does i t m e a n for M to accept a stringw?

(go.co, ⟂) ' # (q, E , 1) for s o m e qeQ

→ (f, E , s)
for fef, S e r * .

Want to prove:
For
any w e Ʃ*. (go.co, 1) * (g.E . ⟂) for s o m e qeQ

iff w e t .

① W = E : (q, E , 1) ¾ (q, E , ⟂)

② W=bw': boo'∉L for any
co',

n o
transitions out of (go.ba', 1)

.

③ W : aw': What do w e do i n this case?



Trove: For any m , n , k ≥ 0 , where m e n > 0 , there i s 1>0

sit . (go, a " b", Ck) ⅔ (q, E , 1) iff n--mtk .

Proof: By induction o n m .

① M = 0 :
Since

M t n 7 0 , n ≠ 0 .
Two c a s e s a r i s e .

(a)
k--0: There a r e n o

transitions out of (q,b? 1) .

(b) k?0 : (q, b". C'1) → (q,b"? C " 1)
Two cases a r i s e .

( i , n - -1 : (91. bn-1, Ck-1) = (q,E , Ck't)
There

a r e n o transitions out of (91, E , _).



So (q,b',Ck):→ (q, E , ⟂) iff k--1, i .e - n -m t k .

i , n > 1 : The
only transition out of (q,b"ᵗ, Ck-1) is

of theform (q, b"-t, Ck-1) →(q.br?ck-21)Claim-:Forl,p70,

(qa.b?C'I)*(q..E.1)iffl=p
Prove this by induction

o n
l .

So (q,b",Ck)# (q, b", Ck-1) E - (q,e , t) iff n-t-k-t

iff n = k t O iff n - -K tm .

This concludes the c a s e when M - O .



② M = 1+1 for some 1 7 0 :

Suppo

se
(go.ae" b", Ck) → (%,E , ⟂).

(q, alt"b", C"1) → (go, a 'b", Ck-1)

(this i s the only possible more!

I f (q, alb", Ck"1) I s (91, E , 1) ,

then

by IH, n : l t k . i t = l i t t l e = M t k .

On the other hand, suppose n = Mt k = 1+1+ k . Then,

- by I H

(q,alt'bl";"c"1) * (q,albeit,"C I ) # (q, E , 1) .

☐



Going back to o u r ma in proof.

③ W = Aw' : Two c a s e s a r i s e

( a ) W = a"b" for s o m e m > 0 . Then,

(go, w , 1) = (go.ambn.CI). By the above.

(go.ambn.CL) ÷ (91, E , 1) iff n - - m +0 i .e . n m .

(b) W ≠ a "b" for any m , n .
Then, w = a " b"co', where

w' starts with a .

Two cases a r i s e .



Claim: (q, amw, 1) → (go.co, Cmt)

Prove this by induction o n m

(go.br,C) → (q, E, ⟂) iff n--k (fro
m
earlier,)

Since m
= 0

I f m o m ,
putting these together,

bn-m
- n o transitions

outof
(qo,a"b"w', ⟂) # (%, w', 1) this configuration!

I f n ≤ m ,

(q,ambro', 1)→ (g.
,
bro'. Cmt)# (qa.co', cm-"⟂)

,
w ' starts with

a ,
s o n o

transitions outof this configuration!



Design
a

PDA which recognizes by empt
y

stack the language

Lpa: {w.ru(w)/ w e {a,b}*}

What behaviour do w e expec
t

o n a
string abba? abback

push push

(go, abba, ⟂) → (-, bba, At) → (_,ba, BAL)

guessthat
w i s over, and - ↓ pop

n o w w e read r e v(w)

(-, E , ⟂) ← G, a , A1)
pop

What about o n a string abb? abb ¢2 .



Δ-{6. a . E). (go,A)), (go.be), (g. B)).

((g.a . A), (ga.E))/((g.b.B).GE)).ka.AJ.se/).

((q..b.By).(q..e))}
Claim: M:({go.ge}. {a.b}, {A.B. 1},Δ,q..∅)

accept

s
Lpa by empt

y
stack.

What 1-m o r e change
s

i n configuration a r e possible?



(go,
a w , 5) → (go.co/AS)ForwhichweE*isittuethat

⑥'
" 's) # (%'"") HE�

Finish"

dmtm"
"

W-aco':(go.am, As)# (q.w.SJ@o.aw',
1)#go.co: Al)

(go.ba, BS) # (qa.ws) /

and
then

w-bio':
what?

(q,aw, AS) # (q,,w,S)Q.bw.tl#(q.,w:BL)-

(q,bw,BS)i-(qs.w,S)



Try a
few examples, figure out a generalpattern.

(go, abba, ⟂) → (%, E , ⟂)

(go.ba, BAL) → 191, E , ⟂)

(go, bba, AL) → (91.E . ⟂)

(go, aabbaa, 1) → (91,E , ⟂)

(go, abbaa,A1) → (91, E ,⟂)

(qo, baba, ⟂) # (a. e . ⟂) for any qeQ

(go.ba, ABI) * (9.E . 1) for any qeQ


